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Abstract 

We consider the mean-variance hedging problem under partial Information. The 
underlying asset price process follows a continuous semimartingale and strategies 
have to be constructed when only part of the information in the market is avail- 
able. We show that the initial mean variance hedging problem is equivalent to a 
new mean variance hedging problem with an additional correction term, which is 
formulated in terms of observable processes. We prove that the value process of the 
reduced problem is a square trinomial with coefficients satisfying a triangle system 
of backward stochastic diff'erential equations and the filtered wealth process of the 
optimal hedging strategy is characterized as a solution of a linear forward equation. 
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1 Introduction 

In the problem of derivative pricing and hedging it is usually assumed that the hedging 
strategies have to be constructed using all market information. However, in reality in- 
vestors acting in a market have limited access to the information flow. E.g., an investor 
may observe just stock prices, but stock appreciation rates depend on some unobservable 
factors; one may think that stock prices can only be observed at discrete time instants or 
with some delay, or an investor would like to price and hedge a contingent claim whose 
payoff depends on an unobservable asset and he observes the prices of an asset correlated 
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with the underlying asset. Besides, investors may not be able to use all available infor- 
mation even if they have access to the full market flow. In all such cases investors are 
forced to make decisions based only on a part of the market information. 

We study a mean-variance hedging problem under partial information when the as- 
set price process is a continuous semimartingale and the flow of observable events not 
necessarily contain all information on prices of the underlying asset. 

We assume that the dynamics of the price process of the asset traded on the market 
is described by a continuous semimartingale S = {St,t e [0,T]) defined on a filtered 
probability space {Q,J-',F = {Ft,t G [0,T]),P), satisfying the usual conditions, where 
!F = Ft and T < cxd is the fixed time horizon. Suppose that the interest rate is equal to 
zero and the asset price process satisfies the structure condition, i.e., the process S admits 
the decomposition 

St = So + Mt+ [ Xud{M)u, (A-M)t<oo a.s., (1.1) 
Jo 

where M is a continuous F— local martingale and A is a F-predictable process. 
Let us introduce an additional filtration smaller than F 

Gt C Ft, for every t G [0,T]. 

The filtration G represents the information that the hedger has at his disposal, i.e., hedging 
strategies have to be constructed using only information available in G. 

Let if be a P-square integrable Pr-nieasurable random variable, representing the 
payoff of a contingent claim at time T. 

We consider the mean- variance hedging problem 

to minimize E[(X^'^ - H^] over all n G n(G), (1.2) 

where n(G') is a class of G-predictable S'-integrable processes. Here Xf''^ = x + TiudSu is 
the wealth process starting from initial capital x, determined by the self-financing trading 
strategy vr G 11 (G). 

In the case G = F of complete information the mean-variance hedging problem was 
introduced by FoUmer and Sondermann [8J in the case when 5 is a martingale and then de- 
veloped by several authors for price process admitting a trend (see, e.g., [6], [12], [26].[27]. 

125], [n]). 

Asset pricing with partial information under various setups has been considered. The 
mean-variance hedging problem under partial information was first studied by Di Masi, 
Platen and Runggaldier (1995) when the stock price process is a martingale and the prices 
are observed only at discrete time moments. For a general filtrations and when the asset 
price process is a martingale this problem was solved by Schweizer (1994) in terms of 
G-predictable projections. Pham (2001) considered the mean-variance hedging problem 
for a general semimartingale model, assuming that the observable filtration contains the 
augmented filtration F^ generated by the asset price process S 

FfcGt, for every tG[0,T]. (1.3) 
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In this paper, using the variance-optimal martingale measure with respect to the filtration 
G and suitable Kunita-Watanabe decomposition, the theory developed by Gourieroux, 
Laurent and Pham (1998) and Rheinlander and Schweizer (1997) to the case of partial 
information was extended. 

If Ff C Gt, the price process is a G-semimartingale, the sharp bracket (M) is G- 
adapted and the canonical decomposition of S with respect to the filtration G is of the 
form ^ 

St = So+ [ E{K\Gu)d{M)s + Mt, (1.4) 
Jo 

where M is a G-local martingale. 

In this case the problem (11.21) is equivalent to the problem 

to minimize E[{X^'^ - E{H\GT)f] over all vr G Yl{G) (1.5) 

which is formulated in G-adapted terms, taking in mind the G-decomposition (11.41) of 
S. Therefore the problem (II. 5p can be solved as in the case of full information using 
the dynamic programming method directly to (11.51) , although one needs to determine 
E{H\Gt) and the G-decomposition terms of S. 

If G is not containing F^ , then S is not a G-semimartingale and the problem is more 
involved, although we solve it under following additional assumptions: 

A) (M) and A are G-predictable, 

B) any G- martingale is a F-local martingale, 

C) the filtration F is continuous, i.e., all F- local martingales are continuous, 

D) there exists a martingale measure for S that satisfies the Reverse Holder condition. 
We shall use the notation Yt for the process E{Yt\Gt)- the G-optional projection of Y. 

Condition A) implies that 

St = E{St\Gt) = So+ [ Kd{M)^ + Mt. 

JO 

Let ^ 

Ht = E{H\Ft)=EH+ [ KdM^ + U (1-6) 

Jo 

and ^ 

Ht = EH+ ! h^dM^ + Lf (1.7) 
Jo 

be the Galtchouk-Kunita-Watanabe (GKW) decompositions of Ht = E{H\Ft) with re- 
spect to local martingales M and M, where h, /i*^ are F-predictable process and L, L'^ 
are local martingales strongly orthogonal to M and M respectively. 

We show (Theorem 3.1) that the initial mean variance hedging problem (II. 2p is equiv- 
alent to the problem to minimize the expression 

E[{x+ [ 7i^dSu-HTf+ [ {nlil- pl) + 27ruK)d{M)^], (1.8) 
Jo Jo 
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over all tt G n(G), where 



T r? 2 7 12 d(M)t 
lit = hfp^ — ht and — 



d{M)t' 

Thus, the problem (II .Sp . equivalent to fll.2p . is formulated in terms of G-adapted 
processes. One can say that (11.80 is the mean variance hedging problem under complete 
information with additional correction term and can be solved as in the case of complete 
information. 

Let us introduce the value process of the problem (11.80 

V^(t, x) = ess ME \(x + [ n^dSu - Ht? (1.9) 

+ [7r2(l-p2) + 27rJjrf(M)„|G'i]. 

We show in section 4 that the value function of the problem (II. 8p admits a represen- 
tation 

\/^(t, x) = \4(0) - 2Vt{l)x + Vt{2)x\ (1.10) 

where the coefficients V^(0), Vt(l) and V^(2) satisfy a triangle system of backward stochastic 
differential equations (BSDE). Besides, the filtered wealth process of the optimal hedging 
strategy is characterized as a solution of the linear forward equation 

y. _ „ [' Plfum + A..K.(2) - - 

Jo 1-P« + P«K(2) 

In the case of complete information (G = F) we have p = 0, h = and (11.110 gives 
equations for the optimal wealth process and for the coefficients of value function from 

m- 

In section 5 we consider a diffusion market model which consists of two assets 5* and 
Y, where St is a state of a process being controlled and Yt is the observation process. 
Suppose that St and Yt are governed by 

dSt = ptdt + (Ttdw^, 

dYt = atdt + btdwt, 

where and w are Brownian motions with correlation p and the coefficients p, a, a 

V S Y 

and b are F -adapted. So, in this case Ft = Ft' and the flow of observable events is 
Gt = FJ . We give in the case of markovian coefficients solution of the problem (11.20 in 
terms of parabolic differential equations (PDE) and an explicit solution when coefficients 
are constants and the contingent claim is of the form H = T-C{St, Yt). 
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2 Main definitions and auxiliary facts 



Denote by Ai'^{F) the set of equivalent martingale measures for S, i.e., set of proba- 
bility measures Q equivalent to P such that 5" is a F-local martingale under Q. 
Let 

M'^iF) = {Qe M\F) : EZ^{Q) < oo}, 

where Zt{Q) is the density process (with respect to the filtration F) of Q relative to P. 

Remark 2.1. Since 5* is continuous, the existence of an equivalent martingale measure 
and the Girsanov theorem imply that the structure condition (11. ip is satisfied. 

Note that the density process Zt{Q) of any element Q of J^^{F) is expressed as an 
exponential martingale of the form 

St{-\-M + N), 

where is a F- local martingale strongly orthogonal to M and £t{X) is the Doleans-Dade 
exponential of X. 

If the local martingale = St{-\ ■ M) is a true martingale, dQ"''''/dP = Zp'^'dP 
defines an equivalent probability measure called the minimal martingale measure for S. 

Recall that a measure Q satisfies the Reverse Holder inequality R2{P) if there exists 
a constant C such that 

for every F-stopping time r. 

Remark 2.2. If there exists a measure Q G A^^(-F) that satisfies the Reverse Holder 
inequality R2{P), then according to Kazamaki [15j the martingale M'^ = —X-M + N 
belongs to the class BMO and hence —A ■ M also belongs to BMO, i.e.. 



E{j^ Xld{M)u\Fr) < const (2.1) 



for every stopping time r. Therefore, it follows from Kazamaki [15] that St{—X ■ M) is 
a true martingale. So, condition D) implies that the minimal martingale measure exists 
(but 2'™*" is not necessarily square integrable). 

For all unexplained notations concerning the martingale theory used below we refer 
the reader to [5] . [19] . [11] . 

Let H(F) be the space of all F-predictable S'-integrable processes vr such that the 
stochastic integral 

{7r-S)t= 7r„(i5'„,t e [0,T], 

^0 

is in the space of semimartingales , i.e., 

E{ Tild{M)s)+E{ \TisXs\d{M),f <oo. 
Jo Jo 
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Denote by n(G') the subspace of n(F) of G-predictable strategies. 

Remark 2.3. Since A • A/ G BMO (see Remark 2.2), it follows from the proof of 
Theorem 2.5 of Kazamaki [151 



E{ / |7r„A„M(M)„)' = E(|7r| ■ M, |A| ■ M)| 

< 2||A • M||bmo^ / 7r^d{M)u<oo. 
Jo 

Therefore, under condition D) the strategy tt belongs to the class n(G) if and only if 
E/,^7rMM).<oo. 

Define Jt{.F) and J^iG) as spaces of terminal values of stochastic integrals, i.e., 

4iF) = {in-S)T:nEUiF)}. 

J^{G) = {(tt • 5)t : tt G U{G)}. 

For convenience we give some assertions from [4j , which establishes necessary and 
sufficient conditions for the closedness of the space J'^{F) in L^. 

Proposition 2.1. Let S he a continuous semimartingale. Then the following assertions 
are equivalent: 

(1) There is a martingale measure Q G A^^(-F) and Jt{F) is closed in . 

(2) There is a martingale measure Q G A^^(-F) that satisfies the Reverse Holder con- 
dition R2{P). 

(3) There is a constant C such that for all tt G n(-F) we have 

II sup(7r ■ S)t\\LHP) < C\\{7r ■ S)t\\lhp)- 

t<T 

(4) There is a constant c such that for every stopping time t, every A E Tt and for 
every n G n(-F) with n = 7iI]t,t] we have 

\\lA-in-S)T\\LHP)>cP{AY/\ 

Note that assertion (4) implies that for every stopping time r and for every tt G n(G) 
we have 



^((1 + ^ 7r„rf5„)V^r) > C. 



(2.2) 



Let us make some remarks on conditions B) and C). 

Remark 2.4. Conditions B),C) imply that the filtration G is also continuous. By 
condition B any G-local martingale is F-local martingale, which are continuous by con- 
dition G). Recall that the continuity of a filtration means that all local martingales with 
respect to this filtration are continuous. 

Remark 2.5. Condition B) is satisfied if and only if the cx-algebras Ft and Gt are 
conditionally independent given Gt for all t G [0,T] (see Theorem 9.29 from Jacod 1978). 

Now we recall some known assertions from the filtering theory. The following propo- 
sition can be proved similarly to [T9] . 
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Proposition 2.2. // conditions A),B) and C) are satisfied, then for any F-local 
martingale M and any G-local martingale 

M, = E{M,\G,)= f E{^^^^l^\Gu)dm^ + Lf, (2.3) 

where is a local martingale orthogonal to nP . 

It follows from this proposition that for any G-predictable, M-integrable process vr 
and any G-martingale m*^ 







t 



Hence, for any G-predictable, M-integrable process vr 







{f^)t = E{[ TXsdMs\Gt)= [ TisdMs. (2.4) 
Jo Jo 



Since vr, A and (M) are G-predictable, from (12. 4p we have 

ft rt 



vr 



's)t = E{ [ TTudSulGt) = [ TT^dSu, (2.5) 
^0 Jo 



where 

-t 



St = So+ / Xud{M)^ + Mt. 
Jo 

3 Separation principle. The optimality principle 

Let us introduce the value function of the problem (11.21) defined as 

rp 

U"{t,x) = essiniE{{x + n^dS^ - Hf\Gt). (3.1) 
By GKW decomposition 

Ht = E{H\Ft) =EH+ [ hudMu + U (3.2) 

Jo 

for a F-predictable, M-integrable process h and a local martingale L strongly orthogonal 
to M. We shall use also the GKW decompositions of Ht = E{H\Ft) with respect to the 
local martingale M 

Ht = EH+ [ h^dMu + Lf (3.3) 







where is a F-predictable process and L*^ is a F- local martingale strongly orthogonal 
to M. ^ 

It follows from Proposition 12.21 ( applied for m'^ = M) and Lemma lA.ll that 

{E{H\G),M)t = f E{h^JGMM)u= f h^pld^M)^. (3.4) 
JO Jo 

We shall use the notation 

K = h§p1-K (3.5) 
Note that h belongs to the class n(G') by Lemma IA.2I 

Let us introduce now a new optimization problem, equivalent to the initial mean 
variance hedging problem flL2p . to minimize the expression 

E[{x+ [ TiudSu - Hrf + / (7r^(l - pi) + 27r J„)rf(M),] , (3.6) 
Jo Jo 

over all vr G U{G). Recall that St = E{St\Gt) = So + /J Xud{M)u + Mf 

Theorem 3.1. Let conditions A),B) and G) be satisfied. Then the initial mean- 
variance hedging problem U.2\) is equivalent to the problem liS. 6\) . In particular, for any 
TT e n(G) andte [0,T] 

E[{x + j\^dS^-Hf\Gt] = E[{H - HrflGt] (3.7) 

+E[{x+ [ n^dS^-HTf+ [ {7rlil-pl) + 2n^K)d{M)^\Gt]. 
Jt Jt 

Proof. We have 

^[(x + ^ nudSu~Hf\Gt]=E[{x + ir^dSu - H + 7r„rf(M„ - M„))'|Gt] 

= E[{x+ 7r^dSu-HY\Gt]+2E[{x+ n^dSu-H){ nud{M^ - AQ)\Gt] 
Jt Jt Jt 

f-T 

+ E[{J^ TXud{M^ - M^)f\Gt] =h + 2/2 + Is. (3.8) 

It is evedent that 

h = E[{x + j^ TiudSu-HTf\Gt]+E[{H -HTf\Gt]. (3.9) 

Since vr, A and (M) are Gr-nieasurable and the cr-algebras Ft and Gt are conditionally 
independent given Gt (see Remark 2.5), it follows from equation (12.41) that 

E[ [ 7r^Xud{M)u [ n^d{Mu-Mu)\Gt]=E[ [ 7r„A„d(M)„ / 7r,d(M„ - M„)|Gi] 
Jt Jt Jt Jo 
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rj~\ _j_ rj~\ 

-E[[ 7r^\^d{M)., [ 7r^d{M^-Mu)\Gt] = E[ [ 7r„A„d(M)„E( / ^(M^-MJIGt)!^*] 
Jt Jo Jt Jo 

-E[[ 7iu\ud{M)u\Gt]E[ [ 7rudiM^-Mu)\Gt]=0 (3.10) 
Jt Jo 

On the other hand using decomposition (13. 2p . equahty (13. 4p . properties of square 

characteristics of martingales and the projection theorem we obtain 

E[H Tiud{Mu-Mu)\Gt]=E[H T:udM^\Gt] - E[Ht vr„rfM„|Gt] 

= E[ r 7i^d{M,E{H\E:))^\Gt]-E[ 7i^d{H,M)^\Gt\ 
Jt Jt 

= E[j^ TruKd{M)u\Gt]-E[j^ 'Kj^pld{M)u\Gt] = 
E[j\^(h^-hGpl)d{M)^\Gt] = -E[j\Xd{M)^\Gt]. (3.11) 



Finally, it is easy to verify that 



2E[ [ TT^M, / 7r^d{M^-M^)\Gt]+E[{ [ 7r„rf(M„ - M„))'|Gt] = 
Jt Jt Jt 

EliTnldiM)^- r 7rld{M)u)\Gt] = 
Jt Jt 

= E[j\l{l-pl)d{M)^\G,]. (3.12) 

Therefore equations (13. 8p . (l3.9p .( l3TT0l) . (13. lip , and (I3.12p imply the validity of equality 
(133D. □ 

Thus, it follows from Theorem 13.11 that the optimization problems (II. 2p and (13. 6p 
are equivalent. Therefore it is sufficient to solve the problem (13. 6p . which is formulated 
in terms of G-adapted processes. One can say that fl3.6p is a mean variance hedging 
problem under complete information with correction term and can be solved as in the 
case of complete information. 

Let us introduce the value process of the problem (13. 6p 

V^it, x) = ess inf E\(x + I n^dSu - Ht?+ 

+ [kI{1- pl) + 2TiJiu]d{M)u\Gt]. (3.13) 
It follows from Theorem 13.11 that 

U"(t,x) = V" {t,x) + E[{H - HrflGt]. (3.14) 
The optimality principle takes in this case the following form 
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Proposition 3.1. (Optimality principle). Let conditions A,B) and C) be satisfied. 
Then 

a) For all X & R, n & n(G') and s G [0, T] the process 



V''{t,x+ l\udSu)+ f KH - pI) + 2T:^h^)]d{M), 



is a submartingale on [s,T], admitting an RCLL modification, 
b) TT* is optimal if and only if the process 

V"it, x + l^ KdSu) + j\<f{l - pI) + 27c:hu]d{M)^ 

is a martingale. 

This assertion can be proved in a standard manner (see, e.g., [7|, [IS]). The proof 
more adapted to this case one can see in pO] . 

Let ^ ^ 

Vit,x)=essmfE[{x+ [ i^udS^f + ! t^I{1 - pl)d{M)u\Gt]. 

and ^ ^ 

l^t(2)=essinfE[(l+ / -n^dS^f + f ttI{1 - pl)d{M)u\Gt]. 

^&^{G) ^ Jt Jt 

It is evident that V(t,x) (resp. V2(t)) is the value process of the optimization problem 
(13.61) in the case H = (resp. H = and x = 1), i.e., 

V{t, x) = V°{t, x) and V2{t) = y°(t, 1). 

Since n(G) is a cone, we have that 



V{t, x) = x' 



'essinfEr(l+ r ^dSu?+ 
7ren(G) '- X 



+ f (-)'(l - pl)d{MUGt] = xW^it). (3.15) 

Therefore from Proposition 13.11 and equality (13.151) we have the following 

Corollary 3.1. a) The process 

t ft 



V^2(t)(l+ / TiudS^Y+ / M\l-pi)d{M)^ 

J s J s 

t > s) is a submartingale for all vr G n(G) and s G [0,T]. 
b) TT* is optimal iff 

t ft 

2 , / /„*\2/i 2-1 



v,m+ / <dSuY+ / {<)\l-pi)d{M)^. 
t > s, is a martingale. 
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Note that in the case H = from Theorem 3.1 we have 

fT 



and, hence 



E[(l + ^ n^dS^)^\Gt) = (3.16) 
V2{t) = U\t,l). (3.17) 



Lemma 3.1. Let conditions A) — D) he satisfied. Then there is a constant 1 > c > 
such that Vt{2) > c for all t G [0,T] a.s. and 

I - pI + p1Vt{2) > c p^^'^a.e. (3.18) 

Proof. Let 

Vf{2) = ™fE[(l + ^ n^dSuf\Ft]. 

It follows from assertion 4) of Proposition 12.11 that there is a constant c > such that 
V"/(2) > c for all t G [0, T] a.s.. Note that c < 1 since < 1. Then by (13X7]) 

Vti2) = U\t, 1) = essinfE[(l + j T:udSuf\Gt] = 

Vt{2) = essME[E{{l + ^ 7i^dSuf\Ft)\Gt\ > 

> Vf{2) > c. 
Therefore, since pf < 1 hj Lemma [A. 11 

1 - P? + PtVt{2) > 1 - p? + p?c > inf (1 - r + re) = c. 

re[0,l] 



4 BSDEs for the value process 



Let us consider the semimartingale backward equation 

Yt = YQ+ [ f{u, y;, tlJu)d{m)^ + [ ^udrriu + Lt (4.1) 
Jo Jo 

with the boundary condition 

Yt = V, (4.2) 

where rj is an integrable G^-measurable random variable, f : Q x [0,T] x R'^ ^ R is 
V X B{R'^) measurable and m is a local martingale. A solution of fl4.ip - fl4.2l) is a triple 
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{Y, ip, L), where y is a special semimartingale, ip is a. predictable m-integrable process and 
L a local martingale strongly orthogonal to m. Sometimes we call Y alone the solution 
of fl4.ip - fl4.2l) . keeping in mind that ip ■ m + L is the martingale part of Y. 

Backward stochastic differential equations have been introduced in [Ij for the linear 
case as the equations for the adjoint process in the stochastic maximum principle. The 
semimartingale backward equation, as a stochastic version of the Bellman equation in an 
optimal control problem, was first derived in [2]. The BSDEs with more general nonlinear 
generators was introduced in [22] for the case of Brownian filtration, where an existence 
and uniqueness of a solution of BSDEs with generators satisfying the global Lifschitz 
condition was established. These results were generalized for generators with quadratic 
growth in [17], [H] for BSDEs driven by a Brownian motion and in [21], [29] for BSDEs 
driven by martingales. But conditions imposed in these papers are too restrictive for our 
needs. We prove here existence and uniqueness of a solution by directly showing that the 
unique solution of the BSDE we consider is the value of the problem. 

In this section we characterize optimal strategies in terms of solutions of suitable 
Semimartingale Backward Equations. 

Theorem 4.1. Let H be a square integrable F-T-measurable random variable and let 
conditions A),B),C) and D) be satisfied. Then the value function of the problem h3. 6)) 
admits a representation 

V'^it, x) = Vm - 2Vt{l)x + Vt{2)x\ (4.3) 

where the processes \4(0),\4(1) and Vt{2) satisfy the following system of backward equa- 
tions 



+ [ ^s{2)dMs + Lt{2) Ft(2) = 1, (4.4) 

+ / i,s{l)dMs + Lt{l), Yt{1) = E{H\Gt), (4.5) 

+ [ ^s{0)dMs + Lt{0), Yt{0) = E\H\Gt), (4.6) 
Jo 



where L(2),L(1) and L{0) are G-local martingales orthogonal to M 

/o 



Besides the optimal filtered wealth process ''^ = x + TT*dSu is a solution of the 



linear equation 

/•* p^y..(2) + A.K(2) ^ 
Jo 1-P« + P«K(2) 
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Jo 1-P« + P«K(2) 

Proof. Similarly to the case of complete information one can show that the optimal 
strategy exists and that V^{t,x) is a square trinomial of the form (14. 3p (see, e.g., [20]). 
More precisely the space of stochastic integrals 

4{G) = {{'K-S)T:T^eIl{G)} 

is closed by Proposition l2.1l and condition A). Hence there exists optimal strategy 7r*(t, x) G 

n(G) and U"{t,x) = E[\H - x - Trl{t, x)dSu\^\J^t]- Since nKt, x)dSu coincides with 
the orthogonal projection of if — x G on the closed subspace of stochastic integrals, 
then the optimal strategy is linear with respect to x, i.e., vr*(t, x) = vr°(t) + X7r^(t). This 
implies that the value function U^{t, x) is a square trinomial. It follows from the equality 
fl3.14p that V^(t,x) is also a square trinomial and it admits the representation (14. 3p . 
Let us show that Vt{0), 14(1) and Vt{2) satisfy the system (l44|) -fOD. It is evident that 

Vt{0) = V^(t,0) = essinfE[( [ Ti^dSu - Hrf 

+ - + 27r„/iJd(M)JG'i] (4.8) 

and ^ 

Vt{2) = V\t, 1) = ess infE [(1 + f n^dSuf 
7ren(G) 

+ j\l{l-pl)d{M)^\Gt]. (4.9) 

Therefore, it follows from the optimality principle (taking vr = 0) that 14(0) and 14(2) are 
RCLL G-submaringales and 

i4(2)<^(i/2(r)|Gi)<i, 

1/o(t) < E{E\H\GT)\Gt) < E{H^\Gt). 

Since 

v,{i) = \{vm+ym-v"{tA)), (4.10) 

the process 14(1) is also a special semimartingale and since 14(0) — 214(l)a; + 14(2)x^ = 
V"{t,x) > for all x e R, we have that 14^(1) < 14(0)14(2), hence 

14^(1) < E{H'\Gt). 

Expressions (USD and (ICTj) imply that Vt{0) = E^{H\Gt), Vt(2) = 1 and 

V^{T,x) = (x - E{H\Gt)Y. Therefore from (KW we have Vt{1) = E{H\Gt) and 
1^(0), 1^(1), 1^(2) satisfy the boundary conditions. 



13 



Thus, the coefficients Vt{i),i = 0, 1, 2 are special semimartingales and they admit the 
decomposition 

Vt{i) = Vo{i) + At{i)+ [ y^s{t)dMs + mt{7), i = 0,1,2, (4.11) 

where m(0), m(l), m(2) are G-local martingales strongly orthogonal to M. 
There exists an increasing continuous G-predictable process K such that 

{M)t= [ VudKu, At{i)= [ au{i)dKu, 2 = 0,1,2, 
Jo Jo 

where z/ and a{i),i = 0, 1,2, are G-predictable processes. 
Let X^^^ = X + n^dSu and 

Y:f ^ V''it,X:;n + [\nl{l - pD + 2nJi.^)]d{M)^. 

J s 

Then using fl4.3l) . fl4.1ip and the Ito formula for any t > s we have 



2 / TiuX^ZdM^ (4.12) 



and 

- V^(.,x) = j\xt;:fau{2) - 2Xf>.(l) + a.M]dKu+ 

-pI + pIVu-{2)) + 27iuX:::{KVu-{2) + Vu{2)pI)- 

- 27r„(K-(l)A„ + fu{l)pl - hu)]i^udKu + nit - m^, (4.13) 

where m is a local martingale. 
Let 

G{7T, x) = Giiu, t, 7T, x) = n\l-pl + p^K-(2)) + 27rx(A„K-(2) + <^.(2)p^)- 

-27r{V,4l)Xu + ipuil)pl-k) 
It follows from the optimality principle that for each vr G n(G') the process 

^\iX:;:)^a^{2) - 2X;>«(1)) + a„(0)]rfK„+ 

+ [ G{7r^,X:;:)u^dK^ (4.14) 

J s 
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is increasing for any s on s < t < T and for the optimal strategy tt* we have the equahty 
j\x:ffau{2) - 2X:fa^{l) + a.(0)]ciX„ = 

- f G{K.X:f)v^dK^. (4.15) 

J s 

Since VudK^ = d{M)u is continuous, without loss of generality one can assume that 
the process K is continuous (see [20] for details). Therefore, taking in (14.141) Ts{e) = 
mf{t > s : Kt — Kg > e} instead of t we have that for any e > and s > 



[{X:;:yaui2) - 2X;>„(1) + a„(0)]dir„ 



> 



- - / ^''^ G{7T^,Xl':)u{u)dKu. (4.16) 

^ J s 

Passing to the limit in (I4.16P as e ^ 0, from Proposition B of [20] we obtain that 

x^a„(2) — 2x0^(1) + au{0) > —G{7Cu, jj^ — a.e. 

for all TT G n(G'). Similarly from (14.151) we have that fi^-a..e. 

x^a„(2) - 2xa„(l) + a„(0) = -(^(tt^, x)z/„ 

and hence 

x'^au{2) — 2xau(l) +a„(0) = — z/„essinfG'(7r„, x). (4-17) 

7ren(G) 

The infinum in (14.171) is attained for the strategy 

. Vtmt + ^til)p't -ht- xiVti2)X, + ^,(2)p,^) 

Tit = K K — . 4.iO 

From here we can conclude that 



essinfG(7rj, x) > G{TXt,x) 

7rgn(G) 



mi)\t + ^t{l)pi -h,- x(\4(2)A, + ^i(2)p?))2 



(4.19) 



i-pI + pM2) 

Let vr^' = J[o,T-„[(t)vrt, where r„ = mi{t : \Vt{l)\ > n}. 

It follows from Lemma \A.2\ Lemma 13.11 and Lemma IA.3I that vr" G n(G) for every 
n > 1 and hence 



essinfG(7rt, x) < G{7i^,x) 

7rGn(G) 



for all n > 1. Therefore 



essinfG'(7rt,x) < lim G{tt]^,x) = G{nt,x). (4.20) 

7rGn(G) n-*oo 
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Thus dHZD, (KWf and (Km imply that 

x'^at{2) - 2xat{l) + at{0) 



{Vtil)\t + iptil )p't-ht-x{Vt{2 )Xt + iptmp't'' 
1-P? + P?V^(2) 



z/, ^'^^^^^" ' ' ^^^^^^^^ , a.e. (4.21 



and equahzing the coefficients of square trinomials in fl4.2ip (and integrating with respect 
to dK) we obtain that 

-^'C' = X l-pf + rfV.(2) ''<''^>- <^-2^' 

which, together with (14. lip , implies that the triples {V{i),ip{i),m{i)), i = 0,1,2, satisfy 
the system flOD- firBj) . 

Note that A{0) and A{2) are integrable increasing processes and relations (14.220 and 
(I4.24P imply that the strategy n defined by (14.180 belongs to the class Il{G). 

Let us show now that if the strategy tt* G n(G') is optimal then the corresponding 
filtered wealth process X^* = x + i^l^dSu is a solution of equation (14.70 . 

By the optimality principle the process 

vr = y^(t,xr) + - pD + ^kkhm)^ 

Jo 

is a martingale. Using the Ito formula we have 

Yr = f\xi*fdA^{2)-2 f XI' dA^il) + Am 



+ rG«,X:*)rf(M)„ + iV,, (4.25) 

where is a martingale. Therefore applying equalities (14.220 . (14.230 and (14.240 we obtain 
that 

* io ^ " 1-Pl + plVu{2) 

+ ^«'Tr^'rll7#)'(l -pI + P«K(2))rf(M). + iV„ (4.26) 

Pu ~^ Pu ^u{^) 

which implies that /i^*^^-a.e. 

, ^ Vu{l)Xu + ^u{l)pl-hu _ ^^, {Vu{2)Xu + Vu{2)pI) 
^-pI + pIVu{2) " l-pl + plVu{2) 
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Integrating both parts of this equahty with respect to dS (and adding then x to the both 
parts) we obtain that X'^* satisfies equation (14.71) . □ 

The uniqueness of the system (I4.4p - (I4.6I) we shall prove under following condition D*), 
stronger than condition D). 

Assume that 

D*) 

/ -^d{M)^<C. 

Jo Pu 

Since < 1 ( Lemma [A. ID . it follows from D*) that the mean- variance tradeoff of S is 
bounded, i.e., 



/ Xld{M)^<C, 
Jo 



which implies that the minimal martingale measure for S exists and satisfies the Reverse- 
Holder condition i?2(-P). So, condition D*) implies condition D). Besides it follows from 
the condition D*) that the minimal martingale measure Q™*" for S 

P^ 

also exists and satisfies Reverse-Holder condition. 

Recall that the process Z belongs to the class D if the family of random variables 
Zt-I(^t-<t) for all stopping times r is uniformly integrable. 

Theorem 4.2. Let conditions A) , B) , C) and D*) be satisfied. If a triple (Y{0),Y{1),Y{2)), 
where Y{0) G D, l^^(l) G D and c < Y{2) < C for some constants < c < C , is a solu- 
tion of the system lj^^-^^4jl^> then such solution is unique and coincides with the triple 
(y(0),y(l),\/(2)). 

Proof. Let Y{2) be a bounded strictly positive solution of (14.41) and let 

M'^)dMu + Lt{2) 



be the martingale part of Y{2). 

Since Y{2) solves (14. 4p . it follows from the Ito formula that for any tt G H(G') the 
process 



t ft 

2 , / „2/i „2^ 



Y: = Y,i2){l+ / Ti^dS^Y+ / <(l-p^)d(M)„, (4.27) 

J s J s 

t > s, is a local submartingale. 

Since vr G H(G), from Lemma [A. II and the Doob inequality we have 

t 

2 



Esup(l + / TiudSy < 

t<T Jo 
rT rT 

< const{l + E / 7ilpld{M)^ + E{ |7r„A„|d(M)„)' < oo (4.28) 
Jo Jo 
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Therefore, taking in mind that Y{2) is bounded and tt G n(G) we obtain that 

E{ sup < oo 



s<u<T 



which imphes that G D. Thus Y'^ is a submartingale (as a local submartingale from 
the class D) and by the boundary condition lr(2) = 1 we obtain 

y,(2)<E((l+ rn^dSuf+ f 'Kl{l-pl)d{M)u\Gs) 

J s J s 

for all TT G n(G') and hence 

Yt{2) < Vt{2). (4.29) 

Let 



A,y,(2)+^,(2)p,^ / Ay(2) + ^(2)p^ 
l-p? + p?F,(2) l-p2 + p2F(2) 



Since 1 + T^udSu = ^tl^i^^^^^y^f)" ■'^)' follows from (14.41) and the Ito formula that the 
process Y'^ defined by (I4.27p is a positive local martingale and hence a supermartingale. 
Therefore ^ ^ 

Y,{2)>E{{1+ I ^^dSuf+l ^l{l-pl)d{M).,\G,). (4.30) 

J s J s 

Let us show that vr belongs to the class n((j). 

From (I4.30p and (I4.29p we have for every s G [0, T] 

E{il+ [ n^dSuy+ [ nl{l-pl)d{M)u\Gs)<Ys{2)<V,{2)<l (4.31) 

^ s J s 



and hence 



E(l+ / M^„)'<1, (4.32) 

^0 



E /^^^(l-p^)d(M)„<l. (4.33) 
Jo 

By D*) the minimal martingale measure Q™'" for S satisfies the Reverse-Holder condition 
and hence all conditions of Proposition 12.11 are satisfied . Therefore the norm 

E{ [ ^lpld{M),)+E{f \nX\d{M)sY 
Jo Jo 

is estimated by -E(l + T^udSuY ^'^^ hence 

E [ nlpld{M)u < oo, E{ [ \nAs\d{M)sY < oo. 
Jo Jo 

It follows from fl4.33p and the latter inequality that tt G n(G') and from fl4.30p we obtain 
that 

Yti2) > V,{2), 
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which together with fl4.29p gives the equahty 1^(2) = Vt{2). 

Thus V{2) is a unique bounded strictly positive solution of equation fl4.4p . Besides 

t pt 
V^(2)„rfM,= / ^{2)udMu, Lt{2)=mt{2) (4.34) 

^0 

for all t, P-a.s. 

Let Y{1) be a solution of equation (14. 5p such that Y'^il) G D. By the Ito formula the 
process 

1 — + p V[2) 

is a local martingale. Let us show that Rt is a martingale. 
As it was already shown the strategy 

, _ ^.{2)pI + A„K(2) ^(2)p^ + \Y{2) ^ 

l-p2+p2y^(2) *^ l-p2 + p2y(2) ^ 

belongs to the class Tl{G). 
Therefore, (see f lOHD ) 

^s^P^'(-r^^^^^4^ ■ ^) = ^s^P(l + f^^dSf < oo (4.36) 

t<T l-p^+p^r(2) t<T io 

and hence 

V.(2)p^ + Al^(2) ^ 

On the other hand equation (14.360 . Lemma [A. 21 and Lemma [3.11 imply that 
/■* V9(2)p^ + \V{2) /i. . 



t<TJo l-p^ + p^n2) ^1-pS + P^K(2) 

c io 1 - p^ + P^>^(2) 

c t<T 1 - p^ + P^>^(2) Jo 
Therefore, the process Rt belongs to the class D and hence it is a true martingale. 
Using the martingale property and the boundary condition we obtain that 

Thus, any solution of (14. 5 p is expressed explicitly in terms of {V{2),ip{2)) in the form 
()4.37p . Hence the solution of (14.50 is unique and it coincides with Vt{l). 

It is evident that the solution of (14. 6 p is also unique. □ 
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Corollary 4.1. In addition to conditions A)-C) assume that p is a constant and the 
mean-variance tradeoff (A ■ M)t is deterministic. Then the solution of Iji4-4\ l ^■^ the triple 
(r (2), 7/^(2), L{2)), with ■^{2) = 0, L{2) = and 

Yt{2) = Vt{2) = z/(p, 1 - p2 ^ (A ■ M)t - (A ■ M),), (4.38) 

where z/(p, a) is the root of the equation 



X 



,2 



p^lnx = a. (4.39) 



Besides 



Jt l-p^ + p^V[2) l-p^ + pWu{2) 

uniquely solves equation Ili4.5\ ) and the optimal filtered wealth process satisfies the linear 
equation 

A„K(2) 



io l-p^ + P^K(2) 

io l-p^ + p^K(2) 

Proof. The function /(x) = ^^^^ — p^ Inx is differentiable, strictly decreasing on ]0, oo[ 
and takes all values from ] — oo,+oo[. So equation (14.391) admits a unique solution for 
all a. Besides the inverse function a{x) is differentiable. Therefore Yt{2) is a process of 
finite variation and it is adapted since (A ■ M)t is deterministic. 

By definition of Yt{2) we have that for all t G [0, T] 



,2 



I-P 



p' \nYt{2) = 1 - p^ + (A ■ M)t - (A ■ M)t. 



It is evident that for a = 1 — p^ the solution of (14.391) is equal to 1 and it follows from 
(I4.38P that Y{2) satisfies the boundary conditione Yx{2) = 1. Therefore 

i^-pMnr.(2)-(l-p^) 

= -{l-p^) + P' [ d In F.(2) 

^ + dY (2) 

y;2(2) + F.(2)r'^"^'^ 

20 



and 



for all t e [0,T]. Hence 



and integrating both parts of this equality with respect to F(2)/(l — + p^F(2)) we 
obtain that Y{2) satisfies equation 

y.(^)-y«(^)^j^ ,_f'%,/ m., (4.42) 

which implies that the triple {Y{2),iIj{2) = 0,L{2) = 0) satisfies equation (14.41) and 
Y{2) = 1/(2) by Theorem 4.2. Equations flOU]) and fOTD follow from (I07D and K7\\ 
respectively, taking {p{2) = 0. □ 

Remark 4.1. In the case of complete information, M = M and p = 1. Therefore 
equation (^Ml is linear and Y{2) = e(^-A^)*-(^-A^)T. 

Remark 4.2. Finally let us make a comment on condition B). It would be desirable 
to replace condition B) by requiring that any G-martingale is a F-semimartingale, but 
up to now we can't do this, although one can weaken this condition imposing that any 
G-martingale is a a{F^ V G)- martingale, where (j{Ff V Gt) is the minimal cr— algebra 
containing and Gt, which is satisfied if Ff C Gt- 



5 Diffusion market model 



Let us consider the financial market model 

dSt = StPt{Y)dt + Stat{Y)dw^, 

dYt = at{Y)dt + bt{Y)dwt, 

subjected to initial conditions, where only the second component Y is observed. Here 
and w are corelated Brownian motions with Edw^dwt = pdt,p G (—1, 1). 

Let us write 

wt = pw^ + ^/l- p^wl, 

where w'^ and are independent Brownian motions. It is evident that = — a/1 — p'^w^+ 
pw^ is a Brownian motion independent of w and one can express Brownian motions w^, 
in terms of w and as 

= pwt - a/1 - p^w^, wl = a/1 - p'^wt + pw^. (5.1) 

We assume that 6^ > 0, > and coefficients p, a, a and b are such that -F/'^ = 
jpw pY _ pw ^ stochastic basis will be {Q, J-', Ft, P), where Ft is the natural 

filtration of {w^, w) and the fiow of observable events is Gt = F^ . 
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Also denote dSt = fJ^tdt + <Jtdw^, so that dSt = SfdSt and S is the return of the stock. 

Let TTf be the number shares of the stock at time t. Then tt^ = ntSt represents an 
amount of money invested in the stock at the time t G [0,T]. We consider the mean 
variance hedging problem 



to minimize E[(x + / T^tdSt — H^] over all tt for which nS E n(G'), (5.2) 

Jo 

which is equivalent to study the mean variance hedging problem 

to minimize E[{x + / ntdSt — H)'^] over all tt G n(G). 

Jo 

Remark 5.1. Since S is not G— adapted, ttj and ntSt can not be simultaneously G- 
predictable and the problem 

to minimize E[{x + / ntdSt — H^] overall tt G n(G), (5-3) 

Jo 

is not equivalent to the problem fl5.2l) and it needs separate consideration. 
Comparing with fll.ip we get that in this case 

Mt= [ asdwl {M)t= [ aids, Xt = ^. 
Jo Jo '^t 

It is evident that w is a. Brownian motion also with respect to the filtration F^^'"^^ and 
condition B) is satisfied. Therefore by Proposition 12.21 

Mt = p asdws- 
Jo 

By the integral representation theorem the GKW decompositions (13.21) . fl3.3l) take follow- 
ing forms 

ch = EH, Ht = CH+ / hsCJsdwl + / h\dw], (5.4) 

Jo Jo 



Ht = Ch + p / hfasdws + / hjdw^. (5.5) 



Putting expressions ( 15. ip for w^,w^ in ( 15. 4p and equalizing integrands of ( 15. 4p and ( 15. 5p 
we obtain that 



and hence 



at 



hi 



ht = p'hf - v^T^ ^. 

at 
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Therefore by definition of h 

hi 

lit = p 'I't - iH = y ^ - p" 

Using notations 



ht = p'h^-ht = ^/l^^ (5.6) 



Z,(0) = pa5V9s(0), Zs{l) = pCsfsi^), Zs{2) = pasfsi'2), Os = — 

we obtain the following corollary of Theorem 14.11 

Corollary 5.1. Let H be a square integrable Ft -measurable random variable. Then 
the processes Vt(0), Vt(l) and Vt{2) from satisfy the following system of backward 

equations 

V,(2) = Vo{2) + / VH-4wW-^^ + / ^^^2)c/t.. Vt{2) = 1, (5.7) 

Jo ^ ~ P + P ^s\'^) Jo 



{5.i 



Vt[l) = Vo{l) + / ^ ds 

Jo l-p^ + pWs{2) 

+ f Z.,{l)dw,, Vt{1)=E{H\Gt), 
Jo 

T/m^ T/m^^ r {pZs{l)+9sVs{l)-Vl^hi)\ 

Vt{0) = Vo{0) + / ds 

Jo 1 - + p^Vs{2) 

+ [ Z,{0)dws, Vt{0) = E\H\Gt), (5.9) 
Jo 

Besides the optimal wealth process X* satisfies the linear equation 

f pZsi2) + e^^^ 



+ l-p^ + pW,i2) ^^^^^ + ^'-^'^ 

Example. Suppose that Of and at are deterministic. Then the solution of (15. 7p is the 
pair {Vt{2) , ipt{2)) , where (p{2) = and V{2) satisfies the ordinary differential equation 

dVt{2) _ e!v,\2) 

Solving this equation we obtain that 



Vt{2) = uip, l-p'+ I eids) ^ j^r", (5.12) 
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where z/(p, a) is the solution of (14.391) . From (15.111) follows that 



and In 



If we solve the linear BSDE (15.81) and use (15.131) we obtain 



1 — p2 + p^Vi ''' 



(5.13) 



Vt{l)=E 



1 - p2 + p2zyf'^ 



HT{w)£tT 

hs{w)8ts 



1 - p2 + p^Ur'' 



rdr + pdwr) I \G 



1 - p2 + p^Z/r''' 
HT{w)StT 



rdr + pdwr) \G 



ds 



pdwr ] \Gt 



1 - p2 + p2j^^ ,P 



/is 



1 - p2 + p^Z/s''' 

Using the Girsanov theorem we finally get 



-E 



hs{w)£ts ( - 



9 u^'P 

11 .2 0,p Pd'^r ] \Gt 



1 - p^ + p^Pr' 



ds 



Vt{l) = i^t^'E 



1 — p^ + p^z/, 

-c/r + w \Gt 



1 - p2 + p^z^s'^ 



/is P 



1 — p2 + p^Pr'^ 



ds. 



(5.14) 



□ 



Suppose now that = H{w^,wt), Y = w and ^ = 9(t,Wt) for some continuous 
function 6{t,x) and a differentiable function H{x,y). Then using the elementary ideas of 
Malliavin's calculus we get 

phfat = h^{t, w^t, wt) = E[pd,H{w^T, ^t) + dyH{w^, WT)\J't], 

hi = h^{t,wlwt) = -^/r^E[d,H{w'T,WT)\J't], 

where dxH{x,y),dyH{x,y) denote the partial derivatives of H. It is evident that 
E[f{t,w^,Wt)\J^l"] = E[f{t,pwt - ^/l- p'^wi,wt)\wt] for / = h'",h^,H. Thus we obtain 
the exact expression for HT{y),h^(t,y) and h^(t,y) 



Hriy) = EH{py - ^l-p^w^.y) = E[H{w^^,y)\wT = y], (5.15) 
h^{t,y) = Eh^{t,py-y^l-p^wi,y), 



h^{t,y) = Eh^{t,py - v/l-pV,y) = -Vl^E[H,,{w^T,^T)\wt = y] 
1 - p'^EdxH{p{y + wt- Wt) - ^/l- p'^w^, p{y + wt - wt)). 
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Reiricirk 5.2. For deterministic 9t the equalities 



E 

h(p{p 



Ht[p 

T 



t 1 - p2 + p2j^^:P 



dr + wt^ \wt — y 



t 1 - p2 + pip\ 

T 



9 tl,P 



+ Wt] - -x/l 



dX'Pdr 



I - + p^u, 



p2 w^, 

+ WT]\wt = y 



= EH[p[p -^+WT-Wt + y \ - p^ Wt, 

Orvt-i'dr \ 
P 2^ 2 e,p +'^T-wt + y\ 

Jt l~ p^ + p^Ur J 



and 



E 



dr + Ws ] \wt = y 



E 



t 1 — + p'^l'r 

Oruydr 



p2 Wt, 



ey'Pdr 

P I o . ^ e,p + 1 1^^ 



1 — P^ + p^Z/r' 



ki = y 



-^/l^E 



dxHi p p 



g + WT - VI - 

t 1-p^ + P^Z/r 



■/it 



t 1 - p^ + p^Vr 



+ wt \ \wt = y 



\ \ Jt l-p^+p^i^r / 



P 



t 1 - p^ + p^i^, 



are valid. 



□ 



Using the well known connection between BSDEs and PDEs we can prove the following 
Proposition 5.1. The system of nonlinear PDEs 



dtv{2) + -dlv{2) = 



{9{t,y)v{2) + pdyv{2)f 
1 - p2 + p2t;(2) 



, ^;(2,T,y) = l, 



dtv{l) + -d'yv{l) 

mt, y)v{2) + pa,^;(2)) {{9{t, y)v{l) + pdyvjl)) + (1 - p')E[d,H{w'T, WT)\wt ^ y]) 

1 - p2 + p2t;(2) 
^;(l,r,t/) = £;[i/K,t/)|^/;T = y] 



(5.16) 
(5.17) 
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admits sufficiently smooth solution and the solution of ( [^.^| ),( f773P can be represented as 
Vtil) = v{l, t, wt), Zt{l) = dyv{l, t, wt), Vt{2) = i;(2, t, Wt), Zt{2) = dyv{2, t, Wt) . 
Besides the optimal strategy is of the form 



.1, ^ . 9{t,y)v{2,t,y)+pdyv{2,t,y) ^ 
1 - + p^v{2,t,y) 
{9it,y)v{l,t,y) + pdyv{l,t,y) + (1 - p^)E[d,H{w^j,,WT)\wt = y]) 



(5.1^ 



l-p2 + p2^(2,t,y) 

where X and y are states at time t of the wealth and of an observable process. 



Example(continued). We suppose in addition that 6, a are constants and H 
H{St,Yt) = H^pT + aw^.Yx). Then using the equahty |ln^ = // ^,^2+p 2^">p 
formula (15.141) can be simphfied. It is easy to see that 



' '^"'''^ the 



hm - In z/f ''^ = 0. 

0^0 6 



Thus we can set that expression |lnz/f''' is zero as = 0. For simphcity we also assume 
that a = 0, 6 = 1. For f (1) using f l5.14p and Remark 5.2 we get 



v{l,t,y) = 4^''E 



or equivalently 



T 



1 - p2 + p'^Us''' 



-E 



H ( — ^ In u^''' + Wt — Wt + y 



e 



7 I P , K 



ds, 



v{l,t,y) = vt' 



(5.19) 



■.EH [pT + (jp{-^\Yivl'^ + Wt -wt + y) - 1 - p^Wt-, p(-^ In v^'^ + wt - Wt + y)^ 



+(i-p2)/iz/f r — 
Jt 1 - p^ + p^'i'i 



'Pi K 



e,p 



xEd^n [ IJ,T + ap{-\n^ + WT-Wt + y) - a^/l - p'^Wt, pi-^\n^ + Wt - Wt + y) ) ds. 



taking in mind (15.151) . This formula together with (15.121) and (l5.18p gives an explicit 
solution of the problem (15.21) for the case of constant coefficients. 



A Appendix 

For convenience we give the proofs of the following assertions used in the paper. 



26 



Lemma A.l. Let conditions A)-C) be satisfied and Mt = E{Mt\Gt)- Then (M) is 
absolutely continuous w.r. t (M) and /i<*^> a.e. 

~ d{M), - 

Proof. By (12.40 for any bounded G-predictable process h 

E hld(M)s = ^ KdM^j =e(^e(^J^ hJMs\G?j^ < 

<e( [ hsdM^l <e[ hld{M)s (A.l) 



which imphes that (M) is absolutely continuous w.r.t (M), i.e., 



for a G-predictable process p. 

Moreover flA.ip implies that the process (M) — (M) is increasing and hence < 1 
a.e. 

Lemma A. 2. Let H G L'^{P,Ft) and let conditions A) — C) be satisfied. Then 

E [ hld{M)., < oo. (A.2) 



Proof. It is evident that 

E [ {h^fd(M)u < oo, E ! hld{M)u < oo. 
Jo Jo 

Therefore, by definition of h and Lemma lA.ll 

E I hld{M)u 
Jo 

<2E r E\h^\Gu)d{M)^ + 2E f E\h'^\G^)p'id{M)^ 
JO Jo 

<2E I hld{M)u + 2E [ {h^fpld(M)u < oo. 
Jo Jo 

Thus h e n(G') by remark 2.3. □ 
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Lemma A. 3. a) Let Y = {Yt,t G [0,T]) be a bounded positive submartingale with the 
canonical decomposition 

Yt = YQ + Bt + mt 

where B is a predictable increasing process and m is a martingale. Then m G BMO. 

b) In particular the martingale part ofV{2) belongs to BMO. If H is bounded, then 
martingale parts ofV{0) and V{1) also belong to the class BMO, i.e., fori = 0,1,2, 

E{j^ vl{i)pld{M)^\Gr) + E{{m{{))T - {m{i))r\Gr) < C (A.3) 

for every stopping time t. 

Proof. Applying the Ito formula for Y^ — Y^ we have 

(m)T - {m)r + 2 [ YudBu + 2 [ Yudm^ = - < Const. (A.4) 



Since Y is positive and B is an increasing process, taking conditional expectations in 
flA.4D we obtain 

E{{m)T - {m)^\F^) < Const. 

for any stopping time r, hence m G BMO. 

( 1A.3I) follows from assertion a) applied for positive submartingales V{0),V{2) and 
V^(0) + V{2) — 2V{1). For the case i = 1 one should take into account also the inequality 

{m{l))t < c(mst{{m{0) + m(2) - 2m{l))t + {m{0))t + {m{2))t). 
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